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The Egyptian 2/3 Table for Fractions
The Rhind Mathematical Papyrus (B.M. 10057-8)

R. J. GILLINGS*

l. (1). The mathematics of the Rhind Papyrus 1. (3). The one remarkable exception to the
(B.M. lO057—8)1 accords us a view of the earliest fI‘*1°l"i°nS with unit numeralors was 2/ai‘ which
known mathematical achievements of the ancient was written with a Special sign ‘D, in hiemtic
Egyptians. The papyrus was written by a scribe,
Ah-mose (he tells us), during the Hyksos period and 9 in hiQ1'Qg]yPh_i(35_ The scribe used the
about 1650 13.0., beingacopy of writings made some fraction 2/ as an Operator so freely in his
200 a eal'e. It' itt ' ' f f - - -3 ~ye T5 1'1 1' 1_sw1‘_ 911 111 aj °u1's1Ve 01111‘) multiplications and divisions that one is led to
hieroglyphics called hieratic, is written from right believe with Pests that 1.16 must have used 9, pl-e.
50 left, page _by page 5° to $P°3'k1 and °°11ta'1113 pared table, a lot of which he probably knew by
87 mathematical problems’ preceded by a long heart, gust as we know our multiplication tables
section (referred to as the Recto), dealing with the to-day. Further, this 2/ table was so much a part./'\ division Qf the number 2 by 3,11 the odd numbers“ of an Egyptian scribe’s gtock-in-trade that, should
from 3 to 1()1_ he require to nd 1/3 of an integer or fraction, he

. . d f b would rst nd 2/3 of it and then halve his answer,
11(2)‘ The E8>’P_“““s concelve O, Hum ers as instead of merely dividing the number by 3. It

conslstmg 0f P110 kmdsi rst’ an th°_ Integers from is the purpose of this article to show how ith th, W
1 up to ii 1111111011, and Second, Ordmry wmmon mathematical tools at his disposal, the Egyptia:r ti ith it l'1 " - -T943 ‘ms W 1111 Y 9'5 1* 9 ‘1111Ve1'$a1 m~111'1e1‘11'l7°1’v scribe could have produced such a table, since,
so that in modern parlance, we can say that they except for an interesting rule given in Problem 61B,
regarded all numbers as being either integers or the and a short table for 1/3 of eight simple fractions in
reciprocals of integers. They were able, with great Problem 61, no explanation of his methods of
facility it appears to us, to add, subtract, multiply Obtallllng 2/3 of any 1111-mbelk 15 g1VBIl 111 the R-M-P-6
and divide these integers and fractions, and the
.P'°b1°1“s Proposed and solve in the R-M-R wit‘?ii?eiii.iii§‘;"%3§“ai§e“i£“§ii$‘in§”iE2‘i§i§$‘3{‘§s5193,‘;
involve all these and other operations. in mind that in the R.M.P. all unit fractions are mcrcly integers

- with dots above them.
* Sydney Teachers’ College. 1 T. E. Pest, The Rhind Mathematical Papyrus (London,
1Hereaftcr referred to as the R.M.P. (B.M. 10057-8), is 1923).

the British Museum catalogue number ~ Nor elsewhere. Peet (1923, 2), p. 6, says that the Moscow‘ Adopting the numbering given by Cliace (1927), The Rhind (or Goleiiishcliev) papyrus ‘ contains nothing with theMathematical Papyrus (Math. Assoc. of America, Oberlin, Ohio). exception of the truncated pyramid, which will greatly modify
See my Division of 2 by the Odd Numbers (Aust. J. Sci., the conception of Egyptian mathematics given to us by the

18, 43 (1955)). already published papyri ’. Chace, R.M.P. (1927).
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1. (4). For writing integers the Egyptians had a the asterisks“ denoting that these are the numbers
well-dened decimal notation, but without the to be added. Multiplication with fractions was
place-value of the Hindu-Arabic system which we set out in the same way, as for example in Problem -

use to-day, and no zero. Thus they wrote, 19, Where the scribe wishes to multiply together

HIERDGLYPNIC I H

HIERATIC

Ill nu ‘H (1

since applied to 18, (1/“+1/18+‘/35) become
| u lu —— “I 3 ’ ' '

EGYPTIAN NUMERALS

Q25

n . . . . 0" "n R3 '|'ii"Fi3 9 iii 9 Applied to 15, 2/, IS 10 and 1/,5 IS 1, making a.

1/12 and (1+2/3+1/ah
If *1 is 1/,,

HINDU-ARABICI 2 3 4 5 5 7 B 9 l0 then *2/aisl/is
and *1/a is 1/as
Total (1+2/a+1/3) is 1/0

== ”L /\ (11/,+i+1/,), or 3, which IS 1/, of 18, and thus

Juxtaposition of signs meant simple addition, just ang *1
as 3 plus a quarter is written 31- by us to-day. The an 1 1/15
Egyptians had no signs for plus or minus nor for total ( /5+ /15)

1/, is the answer he seeks.

1. (7). Subtraction is along similar lines, as for
example Problem 21, ‘complete (2/3+1/,5) to 1 ’,

H'"°v'/\FAB'¢ 20 5° 40 57 10° 126 by which the scribe means evaluate l—(2/3+1/ii),
a problem in ‘ Completion ’. He proceeds thus:

total of 11. Now (15-11) is 4, needed for com- ,-
Hisknic h ’]'\ _-__ / pletion. Then multiply 15 so as to get 4.

I-l
H‘:

-x-
>->-

\\

"'5I-I

55.5.5.5.

>6>r-ICaO|—Ii—i .5-Q

then

multiplication or division. For writing fractions, Th f 1 i - h ii t b dd d
they used exactly the same signs as they used for con‘fiI;;;e(zi /_i__ir/ /352701? W 8' mus 6 a e to
integers, but with the addition of the Horus-Eye 3 “
Q over the hieroglyphic numbers, and a single 1 (8) Division To evaluate 19 divided b
: 5 - ' ‘ ' ’ ydot made with the brush or pen, over the 114, the scribe proceeds:
hieratic numbers. This explains why with their
notation such fractions as 2/, or 5/1, could not be If 1 is 19

2 is 38
*

written by them, but were put down as (1/4+1/,3) then * '

and (1/3+1/12), of course without the plus signs. and 4 is 76
Nor would the scribe ever write (1/7+1/7) for “/7 therefore 6 is 114 1/6

and certainly not (1/12+1/12+1/n+1/12+1/12) for
s/W He thought’ apparently, as we do in Om. by which he means that, because 6 ><19=1l4, then
ordinal numbers, of the seventh part being the last 1/114 °f 19?1/e- B111? division was usually P°1'f°1‘m°d
part, which goes with the other six to make up the by successive multiphcation of the divisor until
whole, and so also with all other unit fractions.’ le ‘vtidenéi was i'°ai°h°&1- Ifh°1'dina1'y &1‘(‘i11'°igH‘-73'. . t t . . .

1- <i>- Aiiiiiiiiiii iii Fiubimiioi iii" iiiiiigiiii ii.“s@lit§‘}.,§§§°ih§ Eféee §n§°§L3§Zimé§‘a§§ii;
presented no dimcu1ty' or motions’ is methtids on that number separately. They even had short
were analogous to our Present methods of usmg division tables and towards the end of the recto the
L‘C‘M" but with this difference: the Egyptian scribe includes a list of the division of the

d ' l ' h V -gloulestgge ?t:Zifc°n;f;1enE_e?:;:1°n $1“ iggifngagg numbers 1 to 9, divided by 10, as, for example,
gg i P Y 4_10=(i/+1/) 7—10=(i/+1/) and

number.“ Thus _f0r example in Problem 37, 9;'10=(2/ +31, +1?‘ ' 3 3°

aenasparso are ,a -

i-‘R.l;M.P.), he tWP1i;'9Sg76(1/72+]£g1j:i:;%/_2if]Tié];{fé__li:1{;>76)1 ' 3 5 30

of 1/. of His is :,i:.iii:i:i;: ii
therefore 1/B‘ Again in P'°b1°“.‘ 22’ he Writes’ of the scribe writing 2/ of integers in one siiri)ple
i”/if‘/5+‘/1o+1/io)=1, for iiPP1i°d i°. 3°’ the“ operation which the foiiowiiig will illustrate.
fractions are equal to 20-1,-6+3-|-1, making 30. ’

1. (6). Multiplication was performed by constant The Rectoi 1/3 of 27 is 181
doubling and sometimes multiplying by 10, as Pmblem 66- /s °f 365 is 243 /a
for example, Problem 70, 2s01><7 Problem 33- 2/3 of 5432 is 36211/s

gl :5 is There are, further, at least 14 examples in which the
en * is 11 4 scribe writes down immediately 2/3 of fractional

and 4 is 20Total 7 is 19607 numbers, such as

‘Compare B. L. Van der Waerden, Science Awakening Problem 67' 2/3 of 1/3 is (1/6+1/18)‘
(Eréglish T(=ilditfion,th1954.t N001‘lI%ll0ff, tfiroiioingelii, Holland”), Problem 70. 2/3 of (71/2 1/4 1/8) is 51/4.
p. O. ‘ e our par presen s qui e na ura y a concre e 2 1 ' 2 1 1

image: three parts and then a. fourth part combine to Problem 30' /3 of 13 /23 is 8 /3 I“ /138)’
make a whole.’

ii An abundant number is one, the sum of whose divisors ° We use an asterisk here. The scribe used a. sloped check
exceeds the number itself, as 12, 18, 20, 24, 30, 36, . . ., etc. mark.
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There are also at least 18 examples in which to 3. (1). We now show how, using the arithmetical
obtain 1/9 of a number ; the scribe rst takes 2/, of operations of which he was capable, the scribe couldit and then halves his answer, as for exam le have re ared a comprehensive 2 3 table, and almostP .P P . . .Problem 43_ To get 1/8 of 8, 2/8 of it is 51/3, 08§l78»1I11y did have some portions of it, for ready

h 1 1. .17 . 22 re erence.
problem 67_ To 2:1? '1/3/51%;, 21/S3 of it/$5 210, First, he can easily form a 11/, times table of

hence 1/, of it is 105. integers as under
Problem 38. To get 1/1, of 3201 “/3 oi; it is 2131/3, 11/2 of 1 is 11/2

hence /3 of it is 106 /1,. 11/2 of 2 is 3
There are 17 further examples where the scribe 11/; Of 3 41/2
writes 1/3 of a fraction or a mixed number, some- 11/2 of 4 1S 6
times omitting the customary intermediate 2/, oi 2 31/3
s ep. 2 o is

Problem 36- T°_g9_l" 1/a °f (1/4 1/sa 1/100 1/z12)~ 11/2 of 7 101/2
It 13 (1/12 1/169 1/318 1/oath 11/2 of 8 13 12 etc» 9'71?-i

Pmb1em37' Toget1/aof(1/41/32)itiS(1/12 /96). These n bers fo two s'mple 'es “n 'thum rm 1 seri i ari -
2- (2)- That the E€YPtia'n had 3' 2/a table at his metical ro ession" which he can 0 ti f_ _ p gr c n nue as ariljggliigl 1%1“;"1§1:T1€‘: IIQYJIF $1%[?'t table 113/Jed as as he pleases. Now, by re-writing this table in the/~. 2- - 91'?’ _*“'°fg1V?n 8' way with _which he is familiar, as noted in 2. (4),

lilo bzxleglllilisog by/ :118‘;Meg; ‘;€pil1:°tl3Jn§; he can write, as far as he pleases, the table
headed Table for Multiplication of Fractions, and 1 is 2/1, of 11/2
contains 17 entri<-is, from which we choose the 2 is 2/3 of 3
following as examp es. 3 is 2/1, of 41/2

2/s of 2/3 is (1/a+1/9) 4 €s 2/3 of 6
Z/a 8? 1/s :2 (1/6+1/18) 3 :/s '3? 31/2

5 2 3 is 3 0
”/e of ‘/1 is (1/i4+1/42) 7 is =/3 of 101/,
2/a of 1/9 15 (1/1B+1/54)‘ 8 1S 2/3 of 12 etc., etc.

Thefractions taken from the Egyptian Leather S01,011 secutive pair of the series in the right-hand column,
(B.M. 16250) 1» which was found with the R.M.P. "“’° °°1“‘*11Y SP“°°d “.“mb°YS' as 2 fwd 2‘/2 between
at the Ramesseum at Thebes. It is dated about the rst twohproducmg an ‘Wen S“?‘P.1°T A'P" with1700 EC a common difference of 1/2. A similar operation

‘ on the left-hand column produces the corres-
C°]11mn5 3 and 4'-1° 1/80+]/45+1/90 =1/15 ponding A.P., with a common difference of 1/3.

11/zrl-11/4s =1/10 Thus his projected 2/3 table takes the following1/iii 1/an fl/12 form, which he can write just as far as he pleases.
21 42 — 14

etc., etc. 2/1, of 1/, is 1/3 Prob. 61.
Columns 5 and 6. 1/10+1l40 =1/8 2/3 of 1 is 2/:1 Pr°b- 67-

1/4 +1/12 =1/a 2/3 of 11/2 is 1
1/25+1/15+1/75 +1/200:1/s 2/a °f 2 55 11/:1
1/50+1/30+1/150+1/600:1/18 2/a of 21/2 is 12/a

9113-, 9'w- 2/3 of 3 is 2 Prob. 25./\ Columns 1 and 2 are partly destroyed, but one can 2/3 Of 31/2 is 21/3 Prob. 69-
safely read here 1/11,-)-1/41,=1/8, (a repetition), and 2/3 of 4 is 2*/3
[1/4]+1/12:1/8 and 1/5+1/211:1/4» 315° 1'°P9titi°ns- 2/a of 41/2 is 3

2
2. (4). There is abundant evidence that the 2/3 3; 21/ Prob’ 46'

Egyptians were fully aware of the operation which 2/3 of 6 2 is 4 3 P ob 39
in modern notation we would write as 2/3 of 61/ is 41/ r ' '

2If a><b=c 2/Z of 7 is 42/:
then 1/c><b=1/a- =/3 of 71/2 1e 5 Prob. 70.

Thus in the recto alone there are approximately 2/3 of 8 is 51/3 P1‘°b- 43-
80 examples of the following type 919°-Q etc-

because 12><23 =276 3. (2). We can now show that for many of the
then 1/2,1, of 23=1/12 problems which come to the scribe’s attention, the

above table, taken as far as 2/3 of 10, will in general
because 7 ><97 =679 suice for his needs, if we recall [l. (6)) that
then 1/8,, of 97=1/7 etc., etc.

" The Egyptians- were quite familiar with progressions.
1" I designate the columns reading from right to left, but write In Problem 64, Ah-mose deals with an A.P. whose commonthem here from left to right, adding plus and equal signs for difference is ‘/,,, and in Problem 79 he nds the sum of ve

ease in reading. Reference here to the Egyptian Leather terms of a G.P. whose common ratio is 7. Indeed, this latterScroll is to show that use of tables was not uncommon. Indeed is by some thought to be the original of the nursery rhyme
the scroll contains nothing else but tables like those shown here. ' As I was going to St. Ives . . . ‘. Compare Chase R.M.P.
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multiplication by 10 was a commonplace operation Again, in Problem 32 it is required to nd 1/, of
in integers, requiring merely a change in symbols. (1—|-1/3+1/4). The scribe rst nds 2/, of this

number and then halves his answer.
Problem 40. 2/3 of 6O=(”/, of 6)X10

= 4X10 To get 1/a of (1+1/s+1/4)

=40‘ 2/a °f it’ is =2/3+(1/0+1/18)+ 1/0

Problem 45. =/3 of 15=(2/3 of 11/,)>< 10 [wb1@][Pr<>b- 61B][3- (3)-1
= 1X10 =2/3+1/3+1/18
=10. _ =1+1/ 18

therefore 1/31S =1/2-|—1/8,.
Taken as far as 100, the table would suce for 3 _ _ _ , _

every problem met in the R.M.P. In Problem 66 ' (5)' It lshposslble to ‘ixplam In this mailnefr
the scribe has to evaluate 2/3 of 365, the number everyone of e numerous instances of t e scribe s

of days in the Egyptian year and he writes the capabilities with 2/3 or 1/3 of any numbers. The use

answer down at once From’the table he could °f 8‘ 2/3 table was 8° much 8’ Part °f the scribeis
obtain it thus _ ' methods of working that we nd such remarkable

' examples as the following:
Problem 66, =/8 of 365:(z/542782351/6)X1O Problem 25. To get 1/3 of 3.

= 240+1/ of 10 If 1 is 3 ‘
= 24o+(17, of */, of 10) then “I, ls 2 f‘
= 240+(i/2 of 62/3) hence 1/3 is 1.

= 240-I-31/s If to our modern minds this seems incredibly
= 2431/tr protracted for such a simple problem, what are we

3. (3). For fractions other than those in the "° think °f '°h‘S exampleli
table, the scribe has a rule which he gives explicitly Pmblem 67- Tc’ get /a of 1-

in Problem 61B without proof : If 1 is 1

‘ To get 2/, of the reciprocal of any odd number, take then :/s {s :/s
the reciprocals of twice the number and the reciprocal hence / 8 15 / 8'

°f 3'57‘ tim“ the numb”-’ Clearly, the scribe has an overwhelming trust in
In modern notation we would write the efcifwy °f _h-ls 2/a _tab1°- And W911 he mlght

when it is required, as in Problem 33, to get */3 of
2/8 of 1/n= 2/31;, (16+1/“+1/,,,,+1/7"), a piece of mechanical arith-

= 4/57, metic to daunt any modern schoolboy. He writes
=(3+1)/gm the answer at once as

= 1l2n+l/6"‘ (10+2/3+1/84+1/1358+1/4074+1/1164)‘

Of course, t%s formula holdsdigr 'n any integer, but Lethus see how easy this really is to the scribe
the scribe 0 uses it for o values of rt." For with is 2 tables.
even values di‘ rt the scribe has a much simpler The ans/;,er is.
method. Since he knows that 2/3 is the reciprocal
of 11/2, he can use the process which in modern (2/3 0f16)+(2/3 of 1/Bald-(2/a Qf 1/e79)+(2/3 Of 1/11;)

I10l3&ti0I1 WO11ld be written = 102/3 + 1/34 +1/135B+1/4074+1/1134'
[table] [3. (3).] [Prob. 61B] [3. (3).]

"/3 of 1/7L=]./(11/2 of rt)
and thus 2/3 of 1/“=1/11/2 of 12 3. (6). To the student of ancient Egyptian

=1 ‘mathematics as revealed in the Rhind Mathematical
/“' Problem 19' Pa n 'the th thod of o ' at'n t _pyrus, ei r e me appr xim i g o

This is merely adding half the even number to the area of a circle (1t=“°/81), nor the method of
itself and regarding it as a fraction.“ multiplication of two numbers by mere doubling,

is as astounding as the comparative ease and facility
3- (4)- In Pmblem 42» 2/a °f (s+2/3+1/8+1/18) with which 2/, or 1/3 of an apparently complex

is mitten d°WT1 at Once as (5 +2/ s+1/ s+1/ 18+1/ z1)- fractional number is achieved. It is this situation
From his 2/a tables this answer can be derived as which inspired this article. One has only to look
follows : - at the following, chosen more or less at random, to

2/3 of (8+2/8+1/6+1/18) see that an urge tohexplain them away would well

=-(2/3 of 8)+(2/sofz/a)+(2/aofl/s)+(2/a of 1/18) exercise any Inquiring mmd'
= 5‘/t + (1/3+‘/0+ ‘It + 1/27 1/, of 7+1/2+1/4+1/8 =51/,.

[Wb1@~l [2- (2)-] [3- (3)-] l3- (3)-] 2/t0f10’/3 =7‘/9.
= 52/a + 2+9 + 1/21 2/a of 131/23 =8+2/a+1/4s+1/1as-
= 52/a +(1/6+1/18)+ 1/21 2/:1 Of 16+1/5a+1/s1s+1/776 =1O+2/3+1/1358+

[Re°t°l 1/4014 + 1/1164

“I P bl 61 t1 t bl r d t i 2 ( ) h iia Oi:l/j,-_t/1/i;f1/ ziii//96'ii ro em , ieaercerre 0 .2,tereisoe 0 = .
entry which reads “/8 of ‘/6:‘/“+1/8,, annexample of his riiie 1/3 of 8+2/3+1/4_|_1/ =2f|_2/ ii|[i1/ +1] _/_

in Problem 611; applied to an even number. Such usage is 8 3 6 18 1 3 1 6 1”
rare, however it is certainly the only one known to me. 1 / 312+ / Bil-

"As Chace remarks (R.M.P., p. 25), all that is necessary /8 of 1+ /a+1/i2+1/ii4+1/22s= /3+ /1s+ /30+
is ‘ to take 11/, times the number and dot it ’. 1/342+‘/684.
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