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Babylonian Sexagesimal Reciprocal Tables
R. J. Gillings and C. L. Hamblin
School of Philosophy, University of Now South Wales

The UTEOOM computer at the University of New Thus the Babylonian multiplication table for 7 times
South Wales was recently used to produce a set of was
tables of Reciprocals in the Babylonian sexagesimal
number system. The table will permit comparison
with the 5000-year-old tables that have survived on Y; >-4
baked clay tablets, and will be of use in interpreting >'>-
other tablets which represent calculations performed
using tables of Reciprocals as an aid. 7 4-7'4’

f_ . . . .
The originality of the mathematics of the >—-< Y W

Babylonians is due primarily to the system of numera- P"9‘“ <V .

tion which they inherited from the Sumerians, a 1

non-semitic race of people, who settled in the valley $ E;-Tpg Y W i

between the Tigris and Euphrates rivers roughly '

5000 years ago. The system was sexagesimal, €i'C. 6156. up fa,
advancing by units of 60, while using only two signs,
which they scratched or marked on a wet clay tablet $ >"'< Y K W
usually about the size of one’s hand. They used a I l
stylus sharpened at one end which as it was drawn ¥ >"'< Y
away from the tablet, left a ’wedge-shaped impression V PW“ <<< (Q

1 with a long. thin u tail >> like T1118 W01]](1 1‘ep]*eS6I113 Y ¥ V&

-4

H-<1

w

-we

as

1, and by pushing the stylus in sideways the m
indentation looked like 4 which represented 10.

The system was thus in part a decimal one, and the Bi 1Spe.cia1t.Sign fog Zero Waslnog usegh in tefglily
numbers from 1 to 10 were written as follows : a Y fmlan nes‘ Ome eimmp es mm en a esof reciprocals would look like

Number ReciprocalYrwwwsssr (W Wm,‘
The numbers from 11 to 60 were written Y <(V (W

(Y Ma‘ #5» which reads as follows:
Nl1II1;);1‘ lgeciprocal

M2‘ Wk’ 1, 21 Z0’ 44’ 32 40
7 7 7

‘n our t t'o 27 2 13 201 no a i n,
60 602 603

and so on up to 59, which was written 81 44 26 40 .

7 z;té+a6=‘*» “WW
and when 60 was reached they advanced to the next

The reciprocal tables were probably used as much as
sexagesiinal place, so to speak, and wrote there the multiplication tables, as well as tables of squares

" and cubes, much in the same way as a modern
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mathematician would use a table of logarithms. ;8, 34, 16, 59, labelling it ‘in defect’, or ,8, 34, 18,
The reciprocal tables were used when a division labelling it ‘in excess’.
ypfigatlolzhwas Q0 be 1Pe1£fQU11"1me(‘11_- Thef Scribl “éollilld The reci.procal of 7 in sexagesimals is
oo up e reciproca o e ivisor rom is a e ,

of reciprocals, and then perform a multiplication th 3?’ 34’ 17’ §’ 343117’ 8’ 34117’ .

with it, using his comprehensive multiplication tables. 6 num org ropoatmg 1’ omsolves mdomtolyi Just

In this operation the scribe did not indicate where as, they <10 in the decimal system, where % is
the ‘decimal point’ (here represented by a semi-
colon) was placed. Neither was it indicated in the 142857142857- 0 0

Proouo’55 its Position “foo noted by him in ooooh oho The cyclic repetition of the digits 1, 4, 2, 8, 5, 7,

Samo Way as ls usual m our modem multlphoatlon which occurs in the decimal system for sevenths is
methods with ooojmol fmotiono preserved in the sexagesimal system, and this

There W28 similarly 110 001111112 b@'0W6@-I1 ‘B116 I11lII1b61“S repetition occurs also for all the other repeating
of the sexagesimals, as we have shown, but merely a d_e@ima1S_

space. When a number like 12, 0, ; 35 needed to be Fraction Decimal Sexa esimal
written, either a larger space would be left to indicate 1 142857 8 {$34 17

the absence of that particular sexagesimal, as in the 7 ’ ’ ’

older tablets, or a sign like & in Seleucid texts

would be used to act as a place holder, and elsewhere
as a mark of separation. This latter sign was never
used at the end of a number, and therefore can hardly
be considered as the counterpart of a modern zero.

This method of writing fractions remained in use
for many centuries. Ptolemy in his Almagest (about
4.1). 150) used sexagesimal fractions in his Table of

-516)-IICJT-J00-ill-IR-JLO

-285714

571428

428571

714285

-857142

;17, 8, 34

;34,17, s
m

;25, 42, 51

;42, 51, 25

;51, 25, 42

Chords, although of course he used the Greek number When the Bab loman Scribe was re nixed to erform
symbols, which were the letters of the Greek alphabet. a division’ he Wguld nd the reciprogal of thepdivism.

Ptolemy also used a symbol for zero, ‘ 0 ’, written from his reciprocal tables and then multiply by it,
just as we write zero today. It was the Greeks, as using his multiplication tables. Thus, in the tablet
pointed out by Neugebauer, who introduced the BM 85200, a division to be performed is 1-75 + -00694
inconsistency of the modern astronomical notation in decimal notation, or as the scribe Writes it in
for angles, as for example the angle 134° 48’ 27 ”, sexagesimals, 1;45 j;(),25. From his tables, the
where the degrees are written in demical notation, reciprocal of 25 is 2,24, so that the division sum
and for further accuracy We revert to sexagesimals becomes the multiplication 1,45 ><2,24; the answer
for ‘ minutes ’ and ‘ seconds ’. to which is shown as 4,12; at once, Without any of the

Vvhat has been caged the Babylonian gtandard intermediate steps in the multiplication being _sho_Wn

Table Qf Regiprggalg Occurs quite frgqugntly in table OD 13116 t3ib18lJ. 13116 setting Ollt Of l]h1S II1‘l11t1p1103»l31OI1

texts. It consists of the 30 ‘Regular’ numbers had been given in detail, it Wmlld Probably have
from 2 up to 1,21; together with their reciprocals. 100k6d as 1111d61“-

Regular numbers were those of the form 2°‘355Y,

so that all primes except 2, 3 and 5 were excluded.

1 -

N)

§ *\
The manner in which students in the scribe schools

7would prepare such a table is, in effect, rather simple.
Having established a few obviously easy reciprocal

equivalents, it was only necessary to multiply one
by 2, and at the same time divide its reciprocal by 2,
and to keep repeating this operation as long as one
chose, and then to do the same with the numbers
3 and 5, or any other number, thus :

24
1, so
2
____li.__-..i
4,12; 0__ 

Number Reciprocal The position of the semi-colon in the product, the
2. .30 sexagesimal point ’, is determined in the same

’ manner as we woul.d nd the position of the decimal
point in our notation. It must be kept in mind, as

we pointed out earlier, that there was nothing to
4; Z15

8; ; 7, 30

1, 4;
2, 8;

O©\_l~—*

égf T 3’ 45 ' d' t th '- olons which we use52 30 in ica e e commas or semi c

56’ 45 here, and the array of numbers shown above would
28’ 22 30 be exactly the same for the multiplications 1,45; >< 2,24;

’ ’ or 1;45><2;24 or ;1,45><;2,24 or ;1,45><2,24; or any

Reciprocals of numbers which were not ‘ Regular ’, other arrangement-
such as 7, 11, 13, etc., are found in some texts. For It is because of this method of performing all
calculations requiring division by 7, for example, divisions that the Babylonians made such frequent
the scribe sometimes used an approximation, as and eicient use of reciprocal tables. The modern
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student of Babylonian mathematics thus nds it an ordinary decimal fraction to sexagesimal form is
necessary on many occasions to refer to prepared effected by multiplying it alternately by 6 and by 10,
tables of reciprocals Whenever a tablet has obliterated each time separating off and recording the digit to
portions or numbers which are not certain, or on the left of the decimal point. In actual fact, the
which there are (infrequent) scribal errors. reciprocal calculations were performed on the

We have therefore prepared Babylonian re- COII1p11teI' in the Scale and the I‘eSl1ltS Were
ciprocal tables of all regular numbers from 1 up to eenverted lie Sexegeelmele d11“eel31Y-

1,062,882,000. Such. tables have not previously been A P1’e1imi11e»1"Y Program Wes ueed lie Prepare e liable
published,* and only one such is at present known to Oi ‘ regular ’ 1111IIll0e1“S- This Was d011e by generating
us, that of Prof. O. Neugebauer of Brown University, P111 possible multiples of 2, 3 and 5, up to the chosen
Rhode Is., U.S.A., Whose tables are of regular numbers limit, and then ‘ sorting ’ them in order of magnitude.
up 139 59’ 39’ 8, 21, 53, 16, 48_ Thegg may appear g II1 U116 nal I‘6Sl]l'D lJl16S6 W6I'8 tabulated b0l3ll ill
be very comprehensive, but so extensive was the use deeililel and Sexegeeimel fermi @101“-g with their
of reciprocals in the Babylonian era that for the Teeipreeele in eeXegeSime*1e-
adequate treatment of the astronomical tablets, as The reciprocals of ‘regular’ numbers all, of course,
distinct from the purely mathematical ones, only terminate when expressed in sexagesimal form.
complete tables would be of real value, at least up to However, as many as 18 sexagesimal places are
604, and such magnitude seems to be of prohibitive needed to accommodate the exact reciprocals of some
size and cost of printing. of the numbers up to the magnitude required. To

The present tables were prepared entirely by ensure accuracy it was necessary Within the machine
machine, and tabulated in such a form as to permit to ePe1'el3e Wllih liuinbers Of ill} '50 ve We1"d'1e11gl71_1$,’* photographic copying as necessary. On a modern 01' 1§O_b11?le1’Y dlgltsa end @1113 meemli liheli Slieelel
computer, the calculations involved are, of course, muhilplleetlen and reelpreeel Teutmes had to be
fairly routine ones. For example, the conversion of Written fol" the meehi11_e- _One een i11_ee11Seql1e11ee

have nothing but admiration for the industry and
* See Quellen und Studien, Abteilung A, Band 3, Springer, perseverance of the Babyloniansv who did it 3']-I on

Berlin, 1935. O. Neugebauer, Mathematische Keilschmft Texte. clay.
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